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Abstract
In this paper, for a commuting pair consisting of a point-valued nonexpansive self-mapping t and a set-valued nonexpansive self-
mapping T of a hyperconvex metric space (or a CAT(0) space) X, we look for a solution to the problem of existence of z ∈ E ⊂ X
such that
d(z, y) = d(y,E) and z = t (z) ∈ T (z).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Given a subset E of a metric space X, the set of best approximations to y ∈ X from E ⊂ X is defined by PE(y) =
{z ∈ E: d(z, y) = d(y,E)}, where d(y,E) = inf{d(y, x): x ∈ E}. The set E is proximinal if PE(y) is nonempty for
each y ∈ X and Chebyshev if PE(y) is a singleton for each y ∈ X.
In this paper, for a pair consisting of a point-valued self-mapping t and a set-valued self-mapping T of a hypercon-
vex metric space (or a CAT(0) space) X, we look for a point z ∈ PE(y) such that z = t (z) ∈ T (z); in other words, we
look for a solution to the problem of existence of z ∈ E such that
d(z, y) = d(y,E) and z = t (z) ∈ T (z). (1)
Meinardus [1] was the first who studied the existence of such a solution in the space of all continuous real-valued
functions with sup-norm for point-valued nonexpansive mappings. Subrahmanyam [2] generalized the Meinardus
result as follows.
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t-invariant subspace of X, and y ∈ Fix(t), where Fix(t) denotes the set of fixed point of t . Then there exists z ∈ E
such that ‖z − y‖ = d(y,E) and z = t (z).
In 1981, Smoluk [3] noted that the finite dimensionality of E in Theorem A can be replaced by the linearity and
compactness of t . Subsequently, Habiniak [4] observed that the linearity of t in Smoluk’s result is superfluous.
Al-Thagafi [5] proved, among other things, the following result on invariant approximations for a pair of commut-
ing point-valued mappings.
Theorem B. Let X be a normed space, t and T point-valued self-mappings of X with y ∈ Fix(t)∩ Fix(T ), E a closed
convex subset of X containing 0, and Ey = {x ∈ E: ‖x‖ 2‖y‖} with T (Ey) ⊂ t (E) ⊂ E.
Suppose that t is linear and nonexpansive on Ey , ‖t (x) − y‖ = ‖x − y‖ for all x ∈ E, t and T are commuting
on Ey , ‖T (x) − T (u)‖  ‖t (x) − t (u)‖ for x,u ∈ Ey ∪ {y}, and the closure of t (Ey) is compact. Then there exists
z ∈ E such that ‖z − y‖ = d(y,E) and z = t (z) = T (z).
Shahzad [6] obtained the following result.
Theorem C. Let X be a Banach space, t and T point-valued self-mappings of X with y ∈ Fix(t) ∩ Fix(T ), and E
a closed convex subset of X containing 0, and Ey = {x ∈ E: ‖x‖ 2‖y‖} with T (Ey) ⊂ t (E) ⊂ E.
Suppose that t is linear and nonexpansive on Ey , ‖t (x) − y‖ = ‖x − y‖ for all x ∈ E, t and T are commuting
on Ey , ‖T (x) − T (u)‖ ‖t (x) − t (u)‖ for x,u ∈ Ey ∪ {y}, and the closure of T (Ey) is compact. Then there exists
z ∈ E such that ‖z − y‖ = d(y,E) and z = t (z) = T (z).
In all the above results, the underlying space is a normed space. In recent years, several fixed point theorems for
point-valued mappings as well as set-valued mappings in hyperconvex or CAT(0) spaces have been established by
a number of authors; see, e.g., [7–15]. Despite the fact that a fixed point theorem always ensures the existence of
a fixed point, there is no guarantee that such a point is a solution to problem (1). For this reason the following question
will be legitimate:
Under what conditions, does a solution to problem (1) exist in a hyperconvex space or a CAT(0) space?
In the present paper, we investigate this question and provide sufficient conditions for the existence of a solution to
problem (1), where t and T are commuting nonexpansive mappings and the underlying space is either a hyperconvex
space, a CAT(0) space or an R-tree. To the best of our knowledge, there has not yet appeared any article dealing with
the existence of a solution of problem (1) in hyperconvex or CAT(0) spaces.
2. Preliminaries
2.1. Hyperconvex spaces
A metric space (X,d) is said to be hyperconvex if and only if for any family {xα} of points in X and any family
{rα} of real numbers satisfying d(xα, xβ) rα + rβ, it is the case that
⋂
α
B(xα, rα) = ∅,
where B(x, r) denotes a closed ball with center x ∈ X and radius r .
A hyperconvex space is a nonexpansive retract of any metric space in which it is isometrically imbedded. Hyper-
convex metric spaces were introduced and their basic properties elaborated in [16].
An admissible subset of a hyperconvex metric space X is a set of the form
⋂
B(xα, rα),α
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and admissible subset S, PS(x) is admissible.
A subset S of a metric space X is said to be externally hyperconvex (relative to X) if given any family {xα} of
points in X and any family {rα} of real numbers satisfying
d(xα, xβ) rα + rβ and d(xα,S) rα
it follows that
⋂
α B(xα, rα) ∩ S = ∅. The family of nonempty externally hyperconvex subsets of X is denoted by
E(X). For any x ∈ X and externally hyperconvex set S, PS(x) is externally hyperconvex.
A subset S of a metric space X is said to be weakly externally hyperconvex (relative to X) if given any family {xα}
of points in X all but at most one of which lies in S and any family {rα} of real numbers satisfying
d(xα, xβ) rα + rβ and with d(xα,S) rα if xα /∈ S.
A subset S of a hyperconvex metric space X is a proximinal nonexpansive retract of the space X iff it is weakly
externally hyperconvex [17].
Given a subset E of a hyperconvex metric space X, we have the following implication relations:
E is admissible ⇒ E is externally hyperconvex ⇒ E is weakly externally hyperconvex
⇒ E is hyperconvex.
2.2. CAT(0) spaces
For any pair of points x, y in a metric space X a geodesic path joining these points is a map c from a closed interval
[0, r] to X such that c(0) = x, c(r) = y and d(c(t), c(s)) = |t − s| for all s, t ∈ [0, r]. The mapping c is an isometry
and d(x, y) = r . The image of c is called a geodesic segment joining x and y which when unique is denoted by [x, y].
A subset of the space X is convex provided for any x, y ∈ S the metric segments joining x and y are contained in S.
A metric space X is called a geodesic space if any two of its points are joined by a geodesic segment. A geodesic
triangle (x1, x2, x3) in a geodesic space consists of three points and a geodesic segment between each pair of points.
A comparison triangle for a geodesic triangle in X is a triangle (x1, x2, x3) in R2 such that
e(xi, xj ) = d(xi, xj ) for i, j ∈ {1,2,3}
where e is the Euclidean metric in R2.
A geodesic metric space is called a CAT(0) space if all geodesic triangles satisfy the CAT(0) inequality:
For every geodesic triangle  in X and its comparison triangle  in R2, if x, y ∈ , and x, y are their comparison
points in , then d(x, y) e(x, y),
where e is the Euclidean metric in R2.
The following properties of a CAT(0) space are useful in what follows and are found, in for example, [18]:
(i) a CAT(0) space X is uniquely geodesic;
(ii) for any x ∈ X and any closed convex set S ⊂ X there is a unique closest point to x in S; i.e., S is Chebyshev.
2.3. R-trees
An R-tree is a metric space X such that:
(i) there is a unique geodesic segment [x, y] joining each pair of points x, y ∈ X;
(ii) if [y, x] ∩ [x, z] = {x}, then [y, x] ∪ [x, z] = [y, z].
A metric space X is a complete R-tree if and only if it is hyperconvex and has unique geodesic segments [19], and
a complete R-tree is a CAT(0) space [18].
The following properties of an R-tree are useful:
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(ii) closed convex subsets of X have the Helly property, that is, if X1, . . . ,Xn is a collection of closed convex subsets
with pairwise nonempty intersection then
⋂{Xi : i = 1, . . . , n} = ∅ [9].
2.4. Nonexpansive and commuting mappings
If U,V are bounded subsets of a metric space X, let H denote the Hausdorff metric defined as usual by H(U,V ) =
inf{ε > 0: U ⊂ Nε(V ) and V ⊂ Nε(U)}, where Nε(V ) = {y ∈ X: d(y,V ) < ε}. Let E be a subset of a metric
space X. A mapping T :E → 2X with nonempty bounded values is nonexpansive provided H(T (x), T (y)) d(x, y)
for all x, y ∈ E.
Let t :E → E and T :E → 2X with T (x) ∩ E = ∅ for x ∈ E. Then t and T are said to be commuting mappings
if t (y) ∈ T (t (x)) ∩ E for all y ∈ T (x) ∩ E and for all x ∈ E. In the invariant approximation results that follow, we
assume that t (∂E) ⊂ E and T (∂E) ⊂ E (or T (x) ∩ E = ∅ for x ∈ ∂E). However, if int(E) is empty then we assume
that t (E) ⊂ E and T (E) ⊂ E (or T (x) ∩ E = ∅ for x ∈ E).
3. Invariant approximations in hyperconvex spaces
Theorem 3.1. Let X be a bounded hyperconvex metric space. Assume t :X → X and T :X → E(X) are nonexpansive
mappings. If t and T commute, then there is a point z ∈ X such that z = t (z) ∈ T (z).
Proof. By [20, Corollary 18], there is a nonexpansive retract mapping P of X onto Fix(t) such that P t = tP . Let
F = {f : f is a map of X into X such that f (x) ∈ T (P(x)) and d(f (x), f (y))H (T (P(x)), T (P(y))),
x, y ∈ X}.
The set F is nonempty by the selection theorem in [11, Theorem 1], and F is a hyperconvex set by [11, Theorem 5],
where F is considered as a subset of the space of all nonexpansive mappings of X into X supplied with the sup-
distance.
For the retraction P onto Fix(t), tP = P . And so, by the definition of commuting mappings, t (y) ∈ T (t (P (x))) =
T (P (x)) for each x and each y ∈ T (P (x)).
Therefore, since each g(x) ∈ T (P (x)) for g ∈ F we can define a nonexpansive mapping h :F → F by h(g(x)) =
t (g(x)) for each x ∈ X and each g ∈ F , which as a nonexpansive mapping of the bounded hyperconvex set F into
itself has a nonempty fixed point set. If g is a fixed point of the mapping h, then t (g(x)) = g(x) for each x ∈ X.
Further, as a nonexpansive mapping of X into X, g has a fixed point z = g(z). It follows that z = g(z) = t (g(z)), and
so z ∈ Fix(t). By the commutativity of t and T , z = t (z) ∈ T (P (z)) = T (z). 
Corollary 3.2. (See [11].) Let X be a bounded hyperconvex metric space. Assume T :X → E(X) is a nonexpansive
mapping. Then there is z ∈ X such that z ∈ T (z).
Theorem 3.3. Let X be a hyperconvex space, and E an admissible (respectively externally hyperconvex) subset of X
with int(E) nonempty.
Assume t :X → X and T :X → E(X) (respectively A(X)) are nonexpansive mapping such that t (∂E) ⊂ E and
T (∂E) ⊂ E. If t and T commute and y ∈ Fix(t) ∩ Fix(T ), then there is z ∈ E with d(y, z) = d(y,E) such that
z = t (z) ∈ T (z).
Proof. It is clear that PE(y) is nonempty and admissible. Let x ∈ PE(y). Then x ∈ ∂E. Indeed, if x /∈ ∂E, then x is
in the interior of E and there is r > 0 such that B(x, r) ⊂ E and r < d(y, x). By the hyperconvexity of X there is
z ∈ B(x, r) ∩ B(y, d(y, x) − r) and d(z, y) < r . Since z ∈ E this contradicts the fact that x is the closest point in E
to y.
Since t (∂E) ⊂ E, t (x) ∈ E. Notice that PE(y) is invariant under t ; indeed
d
(
y, t (x)
)= d(t (y), t (x)) d(y, x) = d(y,E) d(y, t (x)),
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and y ∈ T (y), we have
d
(
y,T (x)
)
H
(
T (y), T (x)
)
 d(y, x)
for x ∈ PE(y), and therefore, T (x)∩PE(y) = ∅. Since PE(y) is an admissible subset of X and T is nonexpansive, the
mapping T (·)∩PE(y) defined on PE(y) with values in the externally hyperconvex subsets of PE(y) is a nonexpansive
mapping [22, Lemma 1]. Let x ∈ PE(y). If z ∈ T (x) ∩ PE(y), then z ∈ T (x) and z ∈ PE(y). Since t and T are
commuting and PE(y) is invariant under t , t (z) ∈ T (t (x)) ∩ PE(y). Thus t and T (·) ∩ PE(y) are commuting on
PE(y). Now apply Theorem 3.1.
In the event that E is externally hyperconvex and the mapping T has admissible values, then [21, Lemma 1] also
implies that T (·) ∩ PE(y) is nonexpansive. The remainder of the proof follows as above. 
Corollary 3.4. Let X be a hyperconvex space and E an admissible (respectively externally hyperconvex) subset of X
with int(E) nonempty. Assume T :X → E(X) (respectively A(X)) is a nonexpansive mapping with T (∂E) ⊂ E.
If y ∈ Fix(T ), then there is z ∈ E with d(y, z) = d(y,E) such that z ∈ T (z).
A point y ∈ X is called an end point of T :X → E(X) if y is a fixed point of T and T (y) = {y}. The set of end
points of T is denoted by End(T ).
Lemma 3.5. Let X be a hyperconvex space and E a weakly externally hyperconvex subset of X. Then for any point
y ∈ X, PE(y) is hyperconvex.
Proof. First, we note that for y ∈ X, {y} is weakly externally hyperconvex. Indeed, by [17, Theorem 3.6] a set S in
a hyperconvex space is weakly externally hyperconvex iff S is a proximinal nonexpansive retract of the space. If y
is a point in X then P{y}(x) = y for x ∈ X satisfies this condition. By [17, Corollary 3.7] if A,B are weakly exter-
nally hyperconvex sets then A0 and B0 are hyperconvex sets. The latter sets are defined by A0 = {x ∈ A: d(x, y) =
d(A,B) for some y ∈ B} and similarly for B0, where d(A,B) = inf{d(a, b): a ∈ A and b ∈ B}. The proof follows by
setting A = E, B = {y}, and observing that PE(y) = A0. 
Theorem 3.6. Let X be a hyperconvex space, and E a weakly externally hyperconvex subset of X with int(E) non-
empty. Assume t :X → X and T :X → E(X) are nonexpansive mappings such that t (∂E) ⊂ E and T (∂E) ⊂ E. If t
and T commute and y ∈ Fix(t) ∩ End(T ), then there is z ∈ E with d(y, z) = d(y,E) such that t (z) = z ∈ T (z).
Proof. It is clear that PE(y) is nonempty and by Lemma 3.5 it is hyperconvex. Let x ∈ PE(y). By the same argument
as in the proof of Theorem 3.3 we have x ∈ ∂E. Since t (∂E) ⊂ E, t (x) ∈ E. Notice that PE(y) is invariant under t ;
indeed
d
(
y, t (x)
)= d(t (y), t (x)) d(y, x) = d(y,E) d(y, t (x)),
which implies t (x) ∈ PE(y). We also claim PE(y) is invariant under T .
Indeed, let x ∈ PE(y). Then x ∈ ∂E and so T (x) ⊂ E. If z ∈ T (x), then, since T is nonexpansive and T (y) = {y},
we have
d(z, y) = d(z,T (y))H (T (y), T (x)) d(y, x) = d(y,E),
which implies z ∈ PE(y). This proves our claim. Now apply Theorem 3.1. 
Corollary 3.7. Let X be a hyperconvex space and E a weakly externally hyperconvex subset of X with int(E) non-
empty. Assume T :X → E(X) is a nonexpansive mapping such that T (∂E) ⊂ E. If y ∈ End(T ), then there is z ∈ E
with d(y, z) = d(y,E) such that z ∈ T (z).
4. Invariant approximations in CAT(0) spaces
Theorem 4.1. Let X be a complete bounded CAT(0) space and assume t :X → X and T :X → 2X are nonexpansive
mappings with T (x) a compact convex subset of X for each x ∈ X. If the mappings t and T commute then there is
z ∈ X such that z = t (z) ∈ T (z).
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rem 10], which is a closed convex subset of X [13, Theorem 12]. Since t and T commute, t (y) ∈ T (t (x)) = T (x)
for y ∈ T (x) and x ∈ A, and therefore, T (x) is invariant under t for each x ∈ A. Since T (x) is a closed bounded
convex subset of a CAT(0) space, t has a fixed point in T (x) and T (x)∩A = ∅ for x ∈ A. Now consider the mapping
T (·) ∩ A :A → compact convex subsets of A. We claim that this mapping is nonexpansive. Indeed, if u ∈ T (x) ∩ A
for some x ∈ A, let v be the unique closest point in T (y) to u for some y ∈ A. Then d(u, v) = infw∈T (y) d(u,w).
However, d(u, t (v)) = d(t (u), t (v))  d(u, v), which contradicts the uniqueness of v as the closest point to u.
Therefore, v = t (v) implying v ∈ T (y) ∩ A. Since this argument is symmetric in the points x and y, it follows that
H
(
T (x) ∩ A,T (y) ∩ A)H (T (x), T (y)) d(x, y) for x, y ∈ A.
By [15, Theorem 4.4] the nonexpansive mapping T (·) ∩ A :A → nonempty compact convex subsets of A has a fixed
point z ∈ T (z) ∩ A. Therefore, z = t (z) ∈ T (z). 
The following result extends a common fixed point result in a CAT(0) space for commuting nonexpansive mappings
[7, Theorem 4.1], by removing the assumption that the nonexpansive multivalued mapping T in that theorem has
a convex-valued contractive approximation. We also note that the referenced theorem needs the additional assumption
that T (·) ∩ E = ∅ for that result to be valid.
Theorem 4.2. Let X be a complete CAT(0) space, and E a closed bounded convex subset of X. Assume t :E → E
and T :E → 2X are nonexpansive mappings with T (x) a compact convex subset of X and T (x) ∩ E = ∅ for each
x ∈ E. If the mappings t and T commute, there is z ∈ E such that z = t (z) ∈ T (z).
Proof. The nonexpansive self-mapping t of the closed convex set E has a nonempty fixed point set A [13, The-
orem 10], which is a closed convex subset of E [13, Theorem 12]. By the definition of commuting mappings
t (y) ∈ T (t (x)) ∩ E = T (x) ∩ E for y ∈ T (x) ∩ E and x ∈ A, and therefore, T (x) ∩ E is invariant under t for each
x ∈ A. Since T (x)∩E is a closed bounded convex subset of the CAT(0) space X, t has a fixed point in T (x)∩E and
therefore T (x) ∩ A = ∅, which implies that T (·) ∩ A :A → compact convex subsets of A. The proof now follows as
in Theorem 4.1. 
Corollary 4.3. Let X be a complete CAT(0) space, and E a closed bounded convex subset of X. Assume T :E → 2X
is a nonexpansive mapping with T (x) a compact convex subset of X and T (x) ∩ E = ∅ for each x ∈ E. Then the
mapping T has a fixed point.
Theorem 4.4. Let X be a complete CAT(0) space and E a closed convex subset of X with int(E) nonempty. Assume
that t :X → X and T :X → 2X are nonexpansive mappings with T (x) a compact convex subset of X for x ∈ X, and
that t (∂E) ⊂ E and T (∂E) ⊂ E. If t and T commute and y ∈ Fix(t) ∩ Fix(T ), then there is z ∈ E with d(y, z) =
d(y,E) such that z = t (z) ∈ T (z).
Proof. Let PE(y) = B(y, d(y,E)) ∩ E = z be the unique closest point to y in E. We claim that the point z must lie
in the boundary of E. Otherwise, if z is in the interior of E, for ε > 0 sufficiently small there is a ball B(z, ε) that is
contained in the interior of E. Since B(z, ε) is a closed convex set, let p denote the unique closest point in B(z, ε)
to y. Then d(y,p) < d(y, z), contradicting the definition of z.
We claim that z is a common fixed point of t and T . Indeed, since d(y, t (z)) d(y, z), and t (z) ∈ E the uniqueness
of z implies z = t (z). Similarly, since y ∈ T (y), we must have B(y, d(y,E))∩T (z) = ∅. Since T (z) ⊂ E, this implies
that z ∈ T (z). Therefore, z is the required point. 
Corollary 4.5. Let X be a complete CAT(0) space and E a closed convex subset of X with int(E) nonempty. Assume
that T :X → 2X is a nonexpansive mapping with T (x) a compact convex subset of X for x ∈ X, and that T (∂E) ⊂ E.
If y ∈ Fix(T ), then there is z ∈ E with d(y, z) = d(y,E) such that z ∈ T (z).
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Theorem 5.1. Let X be a complete R-tree and E a closed bounded convex subset of X. Assume t :E → E and
T :E → 2X are nonexpansive mappings with T (x) closed convex and T (x)∩E = ∅ for x ∈ E. If the mappings t and
T commute, then there is z ∈ E such that z = t (z) ∈ T (z).
Proof. Let A = Fix(t), which is a nonempty closed bounded convex set since t is nonexpansive by [13, Theorem 12].
Since by commutativity of the mappings t and T , t (y) ∈ T (t (x)) ∩ E = T (x) ∩ E for each x ∈ A and y ∈ T (x) ∩ E,
it follows that T (x) ∩ E is invariant under t for each x ∈ A. By [22, Theorem 4.4] the invariance of T (x) ∩ E under
t and the nonexpansiveness of t imply T (x) ∩ A = ∅ for x ∈ A. By [22, Corollary 3.7] the mapping T (·) ∩ A of A
into the closed convex subsets of A is nonexpansive and has a fixed point, that is, there is z ∈ A such z ∈ T (z). This
implies that z = t (z) ∈ T (z). 
Corollary 5.2. Let X be a complete R-tree and E a closed bounded convex subset of X. Assume T :E → 2X is
a nonexpansive mapping with T (x) closed convex and T (x) ∩ E = ∅ for x ∈ E. Then there is z ∈ E such that
z ∈ T (z).
Theorem 5.3. Assume X is a complete R-tree, E a closed convex subset of X with int(E) nonempty and t :X → X and
T :X → 2X are nonexpansive mappings with T (x) closed bounded convex for x ∈ X. Assume also that t (∂E) ⊂ E
and T (x) ∩ E = ∅ for x ∈ ∂E. If t and T commute and y ∈ Fix(t) ∩ Fix(T ), then there is a unique z ∈ E with
d(y, z) = d(y,E) such that z = t (z) ∈ T (z).
Proof. It is clear that PE(y) is nonempty (see [23]). Indeed, let PE(y) = B(y, d(y,E))∩E = z be the unique closest
point to y in E. Since t (y) = y and y ∈ T (y) the nonexpansiveness of these mappings implies (as in the proof of
Theorem 4.4) that t (z) = z and B(y, d(y,E)) ∩ T (z) = ∅. Since z ∈ ∂E, we also have T (z) ∩ E = ∅. It follows by
the Helly property of convex sets in an R-tree
B
(
y, d(y,E)
)∩ T (z) ∩ E = ∅,
(see for example, [9]). Therefore, z = t (z) ∈ T (z). 
Corollary 5.4. Let X be a complete R-tree, E a closed convex subset of X with int(E) nonempty and assume T :X →
2X is nonexpansive mapping with T (x) closed bounded convex for x ∈ X with T (x)∩E = ∅ for x ∈ ∂E. If y ∈ Fix(T ),
then there is a unique z ∈ E with d(y, z) = d(y,E) such that z ∈ T (z).
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